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_ The region enclosed by the circle x? + y* = 2x

' The region enclosed by the semicircle x? + y* = 2y,y = 0

aluating Polar Integrals
Exercises 9-22, change the Cartesian integral into an equivalent
ar integral. Then evaluate the polar integral.
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In Exercises 23-26, sketch the region of intégration and convert each
polar integral or sum of integrals to a Cartesian integral or sum of
integrals. Do not evaluate the integrals.

w2 pl
23 f / r3 sin 6 cos 8 dr do
o Jo
wf2 pescd
24. / / r2 cos 6 dr dé
1

(x + 2y)dy dx

15.4 Double integrals in Polar Form 907

w4 p2sec
25. / / r sin” 0 dr df
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tan % 3sech 72 pdescd
26. / / v dr do +/ / ¥ dr d
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_Area in Polar Coordinates
L27 Find the area of the region cut from the first quadrant by the curve
T or=2(2 — sin20)/2
28. Cardioid overlapping a circle Find the area of the region that
lies inside the cardioid r = 1 + cos @ and outside the circle
r=1.

o

/29, One leaf of a rose Find the area enclosed by one leaf of the

k " rose r = 12 cos 3.

30. ‘Snail shell Find the area of the region enclosed by the positive
- x-axis and spiral 7 = 46/3,0 = = 2. The region looks like a
snail shell.
31. Cardioid in the first quadrant Find the area of the region cut
from the first quadrant by the cardioid r = 1 + sin 6.

- 32. Overlapping cardioids Find the area of the region common to
the interiors of the cardioids r = 1 + cosf and r = 1 — cos 0.

Average Values
In polar coordinates, the average value of a function over a reglon R
(Section 15.3) is given by

. .
M /f(r, 6)r dr.dﬁ.
R

33. Average height of a hemisphere Find the average height of
the hemispherical surface z = Va® — x> — y? above the disk
x? + y? =< g? in the xy-plane.

34, Average height of a cone Find the average height of the (sin-
gle) cone z = Va2 + y? above the disk x* + y? = a? in the
xy-plane. :

35. Average distance from interior of disk to center Find the
average distance from a point P(x, y) in the disk x> + y? = a% to
the origin.

36. Average distance squared from a point in a disk to a point in
its boundary Find the average value of the square of the dis-
tance from the point P(x, y) in the disk x* + y? =< 1 to the bound-
ary point A(1, 0).

Theory and Examples

37. Converting to a polar integral Integrate f(x,y) =
[In(x? + y2)]/V/a? + )2 over the region 1 = 2+y=e

38. Converting to a polar integral Integrate f(x,y) =
[In(x? + y2)]/(x2 + y?) over theregion 1 = x + y* = e

39. Volume of noncircular right cylinder The region that lies
inside the cardioid » = 1 -+ cos § and outside the circle r = 1 is
the base of a solid right cylinder. The top of the cylinder lies in
the plane z-= x. Find the cylinder’s volume.

40. Volume of noncircular right cylinder The region enclosed by
the lemniscate 2 = 2 cos 28 is the base of a solid right cylinder
whose top is bounded by the sphere z = V2 — r?. Find the cyl-
inder’s volume.
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. \Converting to polar integrals

" a. The usual way to evaluate the i unproper integral
I = f 0 ~ dx is first to calculate its square

12"—'(/ e"‘za’x)(/ e_"zdy)=// &) gy dy.
0 0 o Jo

Evaluate the last integral using polar coordinates and solve
the resulting equation for .

b. Evaluate

Ze_’z

\/_

Converting to a polar integral Evaluate the integral

o0 o0 1
— S kd
/0/0 A+2+ T

Existence Integrate the function f(x,y) = 1 J( —x2— %
over the disk x? + y? =< 3 /4. Does the integral of £(x, y) over the
disk x? + y? =< 1 exist? Give reasons for your answer.

hm erf(x)

I—)OO

Area formula in polar coordinates
polar coordinates to derive the formula

Bl
- L)
A—/QZI de

for the area of the fan-shaped region between the origin and polar
curve r = f(f),a = 0 = B.

Average distance to a given point inside a disk  Let P, be a
point inside a circle of radius @ and let 4 denote the distance from
F, to the center of the circle. Let d denote the distance from an
arbitrary point P to Fy. Find the average value of d? over the
region enclosed by the circle. (Hint: Simplify your work by plac-
ing the center of the circle at the origin and B, on the x-axis.)

Use the double integral in

46.

47.

48.

Area Suppose that-the area of a region in the

plane is
3mf4 p2sing
/ / rdrdf.
/4 csc9

Sketch the region and find its area.

Evaluate the integral ff R Vx? + y2 dA, where R is the region
inside the upper semicircle of radius 2 centered at the origin, byt
outside the circle x2 + (y — 1)?2 = 1.

polar Coordinate

Evaluate the integral ff (3% + ¥ 2 dA, where R is the Tegion

inside the circle x? + y? = 2 for x = —1.

COMPUTER EXPLORATIONS

In Exercises 49-52, use a CAS to change the Cartesian integrals into
an equivalent polar integral and evaluate the polar integral. Perform
the following steps in each exercise.

49.

51.

a. Plot the Cartesian region of integration in the xy-plane.

b. Change each boundary curve of the Cartesian region in part
(2) to its polar representation by solving its Cartesian equation
for rand 6.

¢. Using the results in part (b), plot the polar region of integra-
tion in the r-plane.

d. Change the integrand from Cartesian to polar coordinates.
Determine the limits of integration from your plot in part (c)
and evaluate the polar integral using the CAS integration utility.

1oy 1 px/2 B
———dy dx 50. ————=dy d
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5~.5 Triple Iritegrals in Rectangular Coordinates

Just as double integrals allow us to deal with more general situations than could be han-
dled by single integrals, triple integrals enable us to solve still more general problems. We
use triple integrals to calculate the volumes of three-dimensional shapes and the average
value of a function over a three-dimensional region. Triple integrals also arise in the study
of vector fields and fluid flow in three dimensions, as we will see in Chapter 16.

[ — 2N

Triple Integrals

—

If F(x, y, z) is a function defined on a closed bounded region D in space, such as the region
occupied by a solid ball or a lump of clay, then the integral of F over D may be defined in
the following way. We partition a rectangular boxlike region containing D into rectangular
- cells by planes parallel to the coordinate axes (Figure 15.30). We number the cells that lie
completely inside D from 1 to » in some order, the kth cell having dimensions Ax; by Ay,

a by Az and volume AV, = AxAyAz,. We choose a point (x;, y, 7z, in each cell and

form the sum

JRE 15.30 Partitioning a solid with
mgular cells of volume AV,.

Sy = > Flo, Y 2) AV )
k=1 .




